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We propose a simple model of society with a symmetric function w(u, v) measuring the 
influence of the opinion of member v on that of member u. The opinions are chosen from a finite 
set. At each step everyone accepts the majority opinion (with respect to w) of the other members. 
The behaviour of such a society is clearly periodic after some initial time. We prove that the length 
of the period is either one or two. 

Let  V be a finite set and f0: V ~  {0, 1, ..., p} be a mapping.  Let us interpret  
the elements o f  V as members  o f  a society and fo(u) as an initial opinion o f  each 
member  u~V. Let the real number  w(u, v) denote  the influence o f  the m e m b e r  
u on the member  v for each pair  u, vcV  (u, v not  necessarily distinct). We say 
that  w is symmetric if  w(u, v) = w(v, u) for every u, v C V. 

The  system (V, w, fo) develops according to the following rules: 
Every member  accepts the major i ty  opinion (with respect  to the weights w) 

o f  other  members  (if there are two or more  majori ty  opinions, he accepts the highest 
one). This gives a new mapp ing  f l ;  V ~  {0, 1 . . . .  , p}. The  mapp ing  f~ determines 
a mapp ing  f2 by the same rule, and so on. 
~ More  precisely, for  every t----0, l, ... let us define the mapp ing  f t+ l :  V ~  
~-10, 1, ..., p)  by 

(1) f + l ( u )  = m a x { i :  Vj • w(u, v) >= z~ w(u, v)}. 
ft(tO= i f t (v)=j  

As there is only a finite number  o f  distinct mappings  f rom V to {0, 1, ..., p}, 
and every f t  determines a unique mapp ing  f,+~, the system (V, w, fo) will behave 
periodically beginning f rom some t ime t*. 

Let us define the period of  (V, w, f0) as 

(2) min {t > 0: f * + t  = f *  for  some t*}. 

In this paper  we prove  the following result. 

Theorem. The period is 1 or 2for any system (V, w, fo) with symmetrical influences w. 
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Proof .  Let k be the period of  the system (V, w, fo) and t* be such that  f , ,+k=f ,* .  
Let  us identify every vertex u~V with the vector  (u~, u~ . . . . .  Uk)E {0, 1 . . . .  , p)k 
whose componen t s  are ui=f~,+i(u), i = 1  . . . .  , k. 

For  every vertex uCV we can re-write (1) as a system 4~(u) o f  k ( p + l )  
inequalities 

~,6(vi-1,  ui)w(v, u) ~ ~ b ( v ~ _ l , j ) w ( v ,  u) if j = 0, 1, ..., ui, 
o 

(3) 
.~ 6(vi-1, ui)w(v, u) > ,~, 6(Vi_s,j)w(v, u) if j ---- ui+ l ..... , p 

o 

for  i = 1, 2, ..., k ( the indices are rood k), 

where the coefficient 6(x, y) is I if  x = y ,  and 0 if x ~ y .  
For  every vertex u c V  let us select f rom (3) a subsystem ~ ' (u)  o f  k in- 

equalities: 
0 if  u~_o<=u~ 

(4) z~ [6 (vi- l, u i ) - 6  (vi- ,, ui-.z)l w(v, u) " 
> 0  if ui-2 > u i  

for  i = 1, 2, . . . , k .  

Let us assume tha t  the period k is greater  than 2. Then V must  contain 
a vertex u not  o f  the type (i, i, ..., i) or (i, L i ,  j ,  ..., i , j ) .  For  such a vertex 
u it is clear tha t  at  least one inequali ty in (4) is sharp.  

Summing  all the inequalities o f  ~b'(u) over  all u~ V we get one sharp  in- 
equali ty 
(5) ~ A (v, u) w(v, u) > 0. 

(o ,u )~  V × V  

where 

(6) 
k 

A(v, u) = zS [5(vi-1, u3-~(v~-l, u~_2)]. 
i = 1  

For  every pair  u, v ( V  we have 
k k 

A(v, u)+A(u, v) = Y~ 5(vi_. u~)- X 6(v~_~, ui_2)+ 
i=l i = 1  

k k 

+ X~(Ui_x ,  vi)-  Z ~(ui_t,  vi_2) = 0. 
i = 1  i = 1  

As the influence function w is symmetr ic ,  we have A(u, v)w(u, v)+ 
+A(v, u)w(v, u ) = 0  for every pair  u, v~ V, which contradicts  inequali ty (5). Thus  
the assumpt ion  k > 2 was false and this concludes the proof .  II 
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Concluding remarks 

1. In the model, a rule was accepted for tie-breaking: "the member accepts 
the highest of  the majority opinions". This can be avoided (so that a tie never 
occurs) by changing the model slightly, e.g. by introducing 

a) new vertices v °, v 1, ..., vP with initial opinions f ( v i ) = i  for i = 0 ,  1, ..., p, 
b) new loops with influences w(v i, v i )=L (L sufficiently large) for every v ~, 
c) influences w(v i, u ) = e - i  (e sufficiently small) for every i and uCV. 

The new vertices v °, v 1, ..., v p will keep their initial opinions. I f  in the original 
model a tie occurs, the modified model solves it in exactly the same way, using only 
simple majority rule. 

2. I f  the influence function w is not symmetric, the period can be arbitrarily 
large. 

3. Another model of  social influences was introduced and studied by French [1] 
and Harary [2]. (For a survey, see the book [3]). The main differences of  their 
model in comparison with ours are: 

- -  "opinions" of  the members uEV are real numbers ft(u), 
- -  influences w(u, v) between members are nonnegative real numbers, 
- -  the next opinion of  a member  u is the average opinion of  the others, i.e. 

Z w (v, u)f ,  (v) 

f , + l ( u )  = ~' X w(v, u) 
v 

An example given in [3] considers an opinion to be a sum of money that should 
be spent on a particular project. This model is quantitative, involving distinct 
degrees of  only one alternative. On the other hand, our model is qualitative since 
every member  must accept exactly one of  several alternatives. 
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